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ImagingThis paper describes a method for tomographically imaging the linear attenuation coefficients (LACs) of
positron beams in heterogeneous materials. A bþ ray emitter such as 68Ga, placed in a uniform 3T static
magnetic field, generates a well-defined positron beam that maintains its spatial coherence over an
attenuation of more than 103 while signaling its intensity via the annihilation radiation it generates.
A positron emission tomography (PET) system embedded in the magnetic field measures the positron–
electron annihilation distribution within objects illuminated by the beam. It’s shown that this image
can be decomposed into maps of the positron beam’s flux and its material-dependent LACs without need
for auxiliary measurements or transmission of the beam completely through the object. The initial imple-
mentation employs a hybrid PET/magnetic resonance imaging (MRI) scanner developed for medical
applications. Mass thicknesses up to 0.55 g/cm2 at a spatial resolution of a few millimeters have been
imaged.
 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The attenuation of bþ rays in matter is a complex process that
may involve inelastic electron scattering, elastic nuclear scattering,
the formation of positronium, and ultimately, positron–electron
annihilation. Measurements related to these interactions can pro-
vide useful information on material properties, such as the charac-
terization of defect distributions in solids by means of positron
lifetime spectroscopy [1]. Estimates of positron transport charac-
teristics such as their ranges, LACs and stopping powers in known
materials are important for practical applications such as PET [2,3],
radiation shielding, and dosimetry [4]. The b-ray attenuation prop-
erties of a material are conventionally measured by placing uni-
form samples of varying thickness between a collimated b
emission source and detector, and recording the transmission rate
versus thickness [5,6]. One could envision extending this direct
transmission method to three-dimensional (3D) b-ray transmis-
sion tomography, analogous to X-ray CT, but for bþ rays, an alter-
native approach is feasible. This paper describes a novel 3Dtomographic technique for non-destructively imaging bþ ray atten-
uation coefficients in heterogeneous materials, referred to as posi-
tron attenuation tomography (PAT). It works by magnetically
constraining positron beam divergence, and by using a PET camera
to detect positron annihilations within the object being imaged
rather than their transmission through it. The initial implementa-
tion employs a hybrid PET/MRI scanner developed for medical
imaging.
An integrated PET/MRI consists of a PET system embedded in
the uniform 3T B0 magnetic field region of an MRI scanner, as indi-
cated schematically in Fig. 1a. When a 1 MeV bþ decay source
such as 68Ga (Emax ¼ 1:9 MeV) is exposed within the field of this
magnet, the emitted positrons follow helical paths around the field
lines with gyroradii on the order of 1 mm or less due to the action
of the Lorentz force, and a non-diverging positron beam is formed
parallel to B0 across the PET’s field of view (FOV) [7]. Losses in air
are modest (1%/cm) and thus a vacuum system is not required for
beam transport. The PET component can accurately image the
annihilation rate along the beam within an object intersecting it
by detecting the annihilation radiation generated. Such a material
structure is shown in Fig. 1b. The PET image of the annihilations
produced by the beam in this object is shown in Fig. 1c. The anni-
hilation rate per unit volume quantified in a voxel of this image,
k, can be understood as the product of the axial positron flux, /z,
and the LAC of the material at that point, lz. Further, since the only
Fig. 1. (a) Schematic of an axial cross-section through the experimental configuration for positron attenuation tomography in a PET/MRI scanner (not to scale). (b) A material
structure to be imaged. (c) The PET image of the annihilation rate density in the target and beam stopper. (d) The estimated positron axial flux. (e) The PAT image of the LAC
distribution in the structure. The equations describe the relation between these images.
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electron, if the beam is fully stopped within the PET’s FOV, the
positron flux at any point can be estimated from the integral anni-
hilation rate down-beam from that point, as shown in Fig. 1d.
These two facts allow the flux and LAC components of the annihi-
lation rate image to be distinguished. The resulting PAT LAC image
is shown in Fig. 1e.
This paper begins with a discussion of the theoretical basis of
PAT. Its implementation on a commercial PET/MRI system is then
described, and LAC images of some example material structures
are shown. The spatial coherence of the beam and the variation
of the LACs due to beam softening are characterized. The issues
of positron backscattering and the dependence of the image on
view angle are illustrated. Supporting Monte Carlo simulations
are also presented. Finally, some potential extensions and applica-
tions of PAT are discussed.2. Theory
The attenuation of magnetically constrained positrons in matter
can be discussed in terms of their axial flux /zðrÞ and a correspond-
ing linear attenuation coefficient lzðrÞ. In Appendix A it is shown
that subject to certain approximations, the velocity integrated
transport equation for the positron phase space density can be
reduced to:@/zðrÞ
@z
¼ lzðrÞ/zðrÞ ð1Þ
with
lzðrÞ ¼
/ðrÞ
/zðrÞ
qeðrÞ
/ðrÞ
Z
ranðr;vÞvf ðr;vÞdv
 
: ð2Þ
Here r ¼ ðx; y; zÞ and v ¼ ðvx;vy;vzÞ are spatial position and velocity
vectors respectively, f ðr;vÞ represents the number of positrons per
unit phase space volume at ðr;vÞ; v ¼ kvk; qeðrÞ is the electron
density, and the annihilation cross-section ran is a material prop-
erty representing an average over electron states present.
/zðrÞ ¼
R
vzf ðr;vÞdv is the net velocity-integrated positron flux in
the axial (z) direction, and /ðrÞ ¼ R vf ðr;vÞdv is the total velocity-
integrated flux. The factor in brackets on the right in (2) is the total
flux-weighted average macroscopic annihilation cross-section of
the material for the beam, Ran. In conventional narrow-beam trans-
port scenarios the axial flux is attenuated both by scattering of par-
ticles out of the beam and their absorption within it. Here, due to
the magnetic confinement, only absorption (annihilation) con-
tributes to beam loss, but this loss is incurred by the total flux
rather than just its axial component, resulting in the flux-ratio
pre-factor in (2). As a consequence of this magnetic constraint,
the material LACs accessible to PAT could differ from those mea-
sured by other techniques.
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tions detected by the PET camera, the annihilation rate density
estimated in a PET image, kðrÞ, must be related to lzðrÞ and /zðrÞ by
kðrÞ ¼  @/zðrÞ
@z
¼ lzðrÞ/zðrÞ ð3Þ
Assume the beam propagates in the positive z direction and is
fully absorbed by the point z0ðx; yÞ within the PET FOV. Integrating
(1) from z to z0 and substituting k ¼ lz/z from (3) yields
/zðrÞ ¼
Z z0
z
kðr0Þdz0 ð4Þ
lzðrÞ ¼ kðrÞ
Z z0
z
kðr0Þdz0
 1
; z < z0ðx; yÞ ð5Þ
and thus both /zðrÞ and lzðrÞ are determined from the measured
image data kðrÞ everywhere these data are non-zero.
Because the measured data are actually spatially discrete, the
estimates of lz and /z are generated from discrete approximations
to these equations in practice. Each value in the PET image repre-
sents the average annihilation rate density within a 3D voxel. The
net axial flux entering a voxel at axial position zn on its up-beam
side is estimated from a sum of the image values in and down-
beam from the voxel: /zðznÞ ¼
PN
k¼nkðzkÞDz, where N is the number
of axial voxels in the image, and Dz is the pitch of the voxel in z. The
mean flux in the voxel is estimated as the average of the values on
its two axial boundaries, which for zn are /zðznÞ and /zðznþ1Þ. The
value of lz in the voxel is then estimated as the ratio of kðznÞ to this
mean axial flux:
blzðznÞ ¼ 2kðznÞ=½/zðznÞ þ /zðznþ1Þ; n < N: ð6Þ
Aside from the effect of discretization, variations in lz at scales
less than the spatial resolution of the PET camera, ‘, can not be
accurately estimated from a single k image. Further, the resolution
sets a limit on the maximum value of lz in a uniform object that
can be practically imaged. If a is the greatest attenuation of the
beam at which a useful image can be acquired, then the LAC must
not be so large as to cause an attenuation greater than a in a dis-
tance ‘, i.e., we must have lz < lnð1=aÞ=‘.
lzðrÞ is a functional of f ðr;vÞ and thus may depend on beam as
well as material characteristics. In fact, it is observed empirically
that as the beam penetrates a uniform object, the measured lzðrÞ
increases with depth. A characterization of this ‘‘beam softening”
effect, and a description of the correction implemented for it, are
given in Section 5.3.3. Materials and methods
3.1. Implementation and example images
PAT has been implemented on a hybrid 3T PET/MRI medical
scanner (Siemens Biograph mMR). The PET component has a
26 cm axial FOV centered within the 45 cm long uniform field
region of the main magnet (Fig. 1a). Its nominal full width at half
maximum (FWHM) spatial resolution for a point source near the
center of the FOV is 4.2 mm. The beam sources were two 14.5 cm
long, 3 mm diameter lines of bare hardened epoxy resin containing
about 19 MBq of 68Ge/68Ga radioactivity each. They were placed
approximately 15 cm outside the edge of the PET’s axial FOV near
its transverse center, and stacked vertically, giving a horizontal
planar beam over 6 mm thick and 14.5 cm wide extending across
the FOV. For certain experiments, as will be indicated, only a single
line source was used. Uniform polymer foam blocks were used to
absorb the beam after it passed through the object of interest.
Although they are referred to as beam stoppers, they are also beingimaged. Data acquisition times were 1000–1500 s per scan. The
511 keV annihilation photon data collected by the PET camera
were reconstructed into an image array with a voxel size of
2.03 mm axially and 2.09 mm in the transverse plane, using a stan-
dard clinical 3D, ordered subset, estimation maximization, maxi-
mum likelihood algorithm with 3 iterations, 21 subsets and no
post-smoothing. The small spatial anisotropy of the voxels is
neglected for the image displays. No corrections for the attenuation
or scatter of the annihilation radiation were needed. These effects
were negligible for the materials employed because the LACs of
511 keV c-rays are approximately 70 times smaller than those of
the positron beams. It would of course be feasible to apply such
PET corrections if the situation warranted it, e.g., for the near-
surface imaging of denser materials. Unless otherwise noted, the
LAC images have been corrected for beam softening as described
in Section 5.3.
The first test structure is shown in Fig. 1b. This phantom con-
sists of six material regions from left to right: duct tape, a polystyr-
ene (PS) foam conglomerate (1 cm), balsa wood (3 mm), PS foam
(1 cm), an array of nine plastic pieces, and a large uniform poly-
ethylene (PE) foam block of density 0:0344 0:0009 g/cm3. The
plastic pieces are sections of cable ties with their long axes normal
to the plane of the image. Each piece is 1 mm thick and 5 mmwide.
The eight spaces between the pieces were 5, 5, 4, 4, 3, 3, 2 and
2 mm in order from top to bottom.
LAC images of two additional example material structures were
acquired. One was an array of plastic soda straws consisting of
twenty-four straws with a diameter of 5.75 mm, and fifteen with
a diameter of 7.67 mm. This array was mounted on the PE foam
block described above, and a plastic bag filled with 3–5 mm diam-
eter polystyrene foam beads placed above it. The third test object
was the dried fiber skeleton of a Luffa aegyptiaca fruit, 75 mm in
diameter, in front of a curved PE foam block. This skeleton is com-
posed of a thick network of cellulose-like fibers in air with a mean
pore size of perhaps one mm, and three larger air pockets.3.2. Spatial coherence
As discussed in Appendix A, the theoretical justification of the
PAT technique relies on the approximation that positron transport
transverse to the magnetic field can be neglected. A quantitative
assessment of the effect was made in an experiment in which
the annihilation intensity image of a single 3 mm diameter hori-
zontal line source beam in a uniform PE foam block was viewed
edge-on. The vertical image planes intersecting the beam were
summed, and the full width at half maximum of transverse beam
profiles in this image were evaluated versus depth of penetration.
A comparison was made to Monte Carlo simulations of a similar
configuration.3.3. Beam softening
For a 68Ga generated beam in a polyethylene foam block, the
measured LAC increases by more than a factor of 3 as the beam
is attenuated by a factor of 103 (Fig. 3). This differs significantly
from the reported quasi-exponential attenuation of unconstrained
b-rays in matter measured using conventional differential trans-
mission techniques [5,6,8,9]. Simulations described later suggest
this is mainly due to a reduction in energy or ‘‘softening” of the
velocity distribution of the bþrays as they propagate. While this
effect provides some potentially useful information on the beam
(related to how much attenuation it has experienced), practical
interpretation of lzðrÞ as a material property needs to account
for this dependence, at least to first order, and thus a beam soften-
ing correction (BSC) is desirable.
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formed of a phantom consisting of a uniform PE foam block
(0.0344 g/cm3) with one to four layers of Al foils placed in front.
There was also a foil-free region. Each foil had a mass thickness
of approximately 0.063 g/cm2 which is equivalent to
about 1.8 cm of the PE foam. A 1.3 cm thick PS foam block
(0.021 g/cm2), different from that used in the first experiment,
was placed in front of the foils. The dual line positron beam pene-
trated the PS foam and the foils before being stopped in the PE
foam block. The variation in attenuation through the regions with
different LAC distributions provided the data needed to define a
BSC algorithm.
3.4. Backscattering
If the velocity distribution of positrons in the beam depends on
the composition of the material traversed, not just its total attenu-
ation, the proposed BSC may lose accuracy. This could happen for
example due to variation in the relative concentration of heavier
nuclei, which have a higher probability of backscattering positrons.
This effect could potentially change the energy distribution in the
beam as well as the flux ratio factor in (2). An attempt was made to
characterize such a backscatter effect by scanning a phantom con-
taining two pairs of Cu and Al metal foils placed in different regions
in front of the PE foam block. The estimated mass thicknesses of
the individual foils were 0.063 g/cm2 (Al) and 0.030 g/cm2 (Cu).
Between and in front of the foil layers were two blocks of the PS
foam described above. The dual line source beam penetrated the
PS foam and metal foils before being stopped in the PE foam. Pro-
files through the BSC LAC image of this phantomwere compared to
assess the dependence on the presence of the heavier metal nuclei.
3.5. View angle dependence
Even if lateral transport of the positrons can be neglected, the
finite resolution of the PET camera, as well as the helical motion
of the positrons in the beam, reduce the spatial accuracy of the
observed data with respect to the basic relation kðrÞ ¼ lzðrÞ/zðrÞ.
This is particularly consequential in the transverse direction. As a
result, the LAC image of an inhomogeneous object may depend
on its orientation relative to the beam, especially if it contains
finely spaced high-contrast parallel structures. This phenomenon
was investigated by imaging four 24 mm cubes, each consisting
of five 4.7 mm thick layers of polymer foam with paper backing
between, placed in front of a uniform polymer foam block at orien-
tations of 0, 22;28 and 90 relative to the beam. If it were pos-
sible to make a forward model of the image formation process
accurate enough to reproduce the effects observed, then the data
from multiple view angles might be combined through an iterative
reconstruction technique to correct artifacts and achieve improved
spatial resolution. An initial attempt at such a model is described.Fig. 2. (a) Schematic of the simulation geometry. (b) Positron position and energy
along one track.4. Simulations
A Monte Carlo positron transport simulation was undertaken to
assess consistency between existing microscopic cross-section
data and the macroscopic transport coefficient measured by PAT.
It was performed using PENELOPE-2011 [10]. This code offers a
detailed physics treatment of hard scattering events combined
with a condensed simulation approach to soft interactions. It pro-
vides exact tracking of positron trajectories in a uniform magnetic
field. The original PENCYL main program for simulations in cylin-
drical geometries was modified by the author to incorporate calls
to the PENFIELD subroutine package for EM field tracking support.
In addition, a track length flux tally was added, and the endpointsof the positron tracks were recorded as a surrogate for the positron
annihilation density. The simulation was designed to efficiently
capture the essential physics of the experiments described in this
paper, but was not a detailed replica of any one of them.
A schematic of the simulation geometry is shown in Fig. 2a. A
uniform 3T B field was parallel to the z axis. The simulated source
was a circular annulus in air, transverse to z, centered at z ¼ 0 cm,
with mean radius of 10 cm, and axial and radial thicknesses both
0.3 cm. This is an adequate approximation to the experimental line
source because this radius is approximately 100 time larger than
the gyroradii of the positrons. The source material was modeled
as polyvinyl acetate at 1.5 g/cm3. Isotropic positron emissions were
distributed uniformly throughout this ring. The region that
extended from the source ring to z ¼ 15 cm was air filled. The
region from z ¼ 15 to 100 cm consisted of PE foam with a density
of 0.0344 g/cm3. The region behind the source ring, from z ¼ 20
to 0:15 cm, was filled with PE at 0.344 g/cm3 to approximate
the low-density materials on which the experimental source was
mounted. The outer radius of the entire geometry was 20 cm.
The emission energy spectrum for the 68Ga bþ source was com-
puted from the Fermi beta decay theory for allowed transitions,
using the relativistic form of the Coulomb factor [8], and assuming
maximum emission energies (intensities) of 0.8217 MeV (1.190%)
and 1.8991 MeV (87.72%) [11]. It is shown in Fig. 8b.
Values of the simulation parameters EABS(1:3), C1, C2, WCC
and WCR were 2.0e6, 2.0e6, 1.0e3, 0.05, 0.05, 1e3 and 1e3, respec-
tively, for all regions. A value of ULDV = 1.0 for the upper limit on
the amount of deflection over a step in the B field was deemed ade-
quate after testing values as low as 0.02. 107 showers were simu-
lated. Each positron was tracked until its kinetic energy fell
below 1 keV, at which point an annihilation event was assumed
to occur. Fig. 2b displays one of the positrons’ tracks in terms of
its transverse offsets from its mean position, and its energy, as it
propagates along the z axis. This track was chosen for display
because it had the greatest depth of penetration among the first
100 tracks simulated; it does not necessarily represent a typical
Fig. 4. Simulated positron current estimated from the annihilation density com-
pared to a track length tally.
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PE foam block.
This simulation was validated by comparing to the experiment
performed with a single line source beam into a uniform foam
block described in Section 3.2. Fig. 3a compares the simulated
and measured positron annihilation density versus depth in the
PE foam block. For this the measured intensity was averaged over
the central part of the beam, and the simulated annihilation points
were summed over transverse dimensions and histogrammed in
0.2 cm intervals along z. The z values in this figure refer to distance
from the leading edge of the PET field of view. The surface of the
foam block is at about 2 cm. The simulation results have been
shifted in z and multiplicatively scaled to align themwith the mea-
sured data. They have also been smoothed with a 4 mm FWHM
Gaussian kernel to approximate the effect of the PET resolution.
Fig. 3b shows the LACs estimated from the data corresponding to
these intensity curves. As the beam enters the block, the simulated
LAC values initially underestimate the measured ones by about 6%
but show a somewhat more pronounced beam-softening effect
with depth. This suggests some difference in the evolution of the
energy spectra, which remains to be explored.
Fig. 4 compares the axial current (transversely integrated flux)
estimated from the simulated annihilation density distribution as
in (4), to that from a standard path length tally. Their agreement,
as expected, serves to support the integrity of the Monte Carlo sim-
ulation as well as the validity of (4). Here z refers to the axial dis-
tance from the simulated source position. The surface of the foamFig. 3. (a) Comparison of measured and simulated positron beam intensity
attenuation in a uniform PE foam block. (b) The LACs estimated from the
annihilation intensities, uncorrected for beam softening.block is at z ¼ 15 cm. The annihilation density data here are the
same as those shown in Fig. 3a, but unsmoothed.
The radial widths of the simulated annihilation density distri-
bution (beam) and the derived flux estimate were computed ver-
sus depth of penetration. For this the simulated annihilation
points were histogrammed into radial and axial bins having widths
of 0.1 and 4 cm respectively. The radial bins were normalized by
their annular area, and the FWHM of the resulting radial profile
computed for each axial interval. The positive, negative and net
axial flux of positrons were estimated from the track length tally
in the simulation, averaged over 1 cm intervals in z. The energy dis-
tributions of the positrons at two different penetration depths
were computed: averaged over z intervals in the foam block at
15–18 and 27–30 cm from the source, and binned in 40 keV inter-
vals in energy.5. Results
5.1. Example material structures
Fig. 1c shows the logarithm of the positron annihilation rate
density in the first test structure as imaged by the PET system. This
is a two dimensional slice from a 3D image volume that has been
averaged over three voxels (6.3 mm) normal to the plane. The
beam enters from the left and produces annihilations in air before
it enters the phantom. The shadows of the plastic pieces extend to
their right, remaining distinct over the full range of the beam. In
fact, the beam-to-shadow contrast increases with penetration
depth due to the beam softening effect. This beam/shadow struc-
ture seems to confirm that MeV positron beams in a 3T field do lar-
gely maintain their transverse spatial coherence over nearly their
full range, despite scattering.
Fig. 1d represents the axial positron flux within the object esti-
mated from the integral transformation (4) of the data in Fig. 1c.
Fig. 1e is the positron LAC image formed from the ratio of the data
shown in Fig. 1c and d as in (5), and corrected for beam softening.
The mean LAC value in the PE foam block is 0:240 0:01 cm1,
which is 5% higher than the value reported for the same material
in [7], based on an exponential fit to the attenuation of a 68Ga pill
source beam. This l value is equivalent to a mass attenuation coef-
ficient l=q ¼ 6:98 0:29 cm2/g, where q is the mass density of the
PE foam. The mass attenuation coefficient for 68Ga bþ particles in
aluminum measured using a conventional differential transmis-
sion technique over the transmission range 0.20 to 0.01 has been
reported to be 7:32 0:22 cm2/g [5]. For such techniques, only a
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observed [8], suggesting that these measurements are in reason-
able agreement.
The noisy region to the right in Fig. 1e occurs near the end of the
beam’s range, and is due to the statistical fluctuations in the anni-
hilation rate density there observed by the PET camera. The appar-
ent narrowing of the beam with depth is likely due to the tapering
off of the beam’s intensity at the ends of the line sources, causing it
to fall more rapidly to the background noise level. The gaps
between the plastic pieces are resolved down to 2 mm. The mot-
tled textures of the PS foam pieces are consistent with their
macro-cellular ( 5 mm) structure. The apparent excess thick-
nesses of the duct tape and plastic pieces are a limitation of the
PET resolution. Minimal residual beam-softening effect is
observed. This and similar experiments in the bare uniform PE
foam block (Figs. 3 and 6) show that a practical imaging depth of
about 0.55 g/cm2, equivalent to 16 cm of the PE foam, can be
achieved with the sources used here. Dual-sided imaging could
effectively double this accessible mass thickness.
The two additional LAC image examples are shown in Fig. 5. In
the straw array of Fig. 5a the surface of the plastic bag and the
straw walls are resolved, although the beads and 1–2 mm gaps
between straws are not. The darker region of the plastic bag at
the top (at arrow) is where it was folded over to form three plys.
The cross-section of the Luffa aegyptiaca fruit in Fig. 5b showsmean
LAC variations in this structure at a resolution of a few mm. These
images have been corrected for beam softening and are displayed
using bilinear interpolation between measured pixels.Fig. 6. (a) Normalized image of a positron beam in a PE foam block, and profiles
through it. (b) Widths of the beam image and associated flux estimated as a
function of attenuation.5.2. Spatial coherence
The edge-on image of the 3 mm line source beam is shown in
Fig. 6a, along with four exemplary profiles at the levels indicated
in the image. Each row of this summed image was normalized to
its maximum value, removing the primary effect of attenuation.
The leading edge of the foam block is at 2 cm. The asymmetry of
the profile broadening may be due to a small misalignment
between the PET image space and the magnetic field lines. The full
width at half maxima of transverse beam profiles in this image
were evaluated over depth and are plotted in Fig. 6b versus the
reciprocal attenuation factor as determined from a flux estimate.
The FWHM increases approximately linearly, from 4.9 mm just
inside the foam block to 6.3 mm at z ¼ 18 cm, corresponding to a
reciprocal attenuation factor of 250 and a 0.55 g/cm2 total massFig. 5. (a) Positron LAC image of a straw array on a foam block. (b) LAC image cross-se
shown are 18  25 cm.thickness. The Monte Carlo simulations suggest that this coherence
may be due to the fact that a typical positron slows down mainly
through small angle deflections that permit it to approximately
maintain its helical path. Occasional large angle scattering events
maymove the gyrocenter by some appreciable fraction of the gyro-
diameter, but there are too few such events to permit significant
transverse dispersion.
The divergence of a beam (i.e., its annihilation rate density
image) across its range is not the most significant characteristic
determining the accuracy of the PAT LAC estimate, however. Thection of the fiber skeleton of a Luffa aegyptiaca fruit, 75 mm in diameter. The areas
Fig. 8. Simulation results: (a) Axial flux ratios; (b) Energy spectra for the source,
and the positron distribution at two depths; the mean energies and corresponding
mass thicknesses are listed.
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data, but only on whether the estimate of /z at that point, from the
down-beam data, is consistent with kðzÞ in terms of their lateral
averaging. To assess this, the FWHMs of the positron flux com-
puted from the annihilation intensity data in Fig. 6a are also plot-
ted in Fig. 6b. While both the k and /z distributions increase in
width by about 30% over an attenuation of 4 103 (at
z ¼ 18 cm), the flux is only about 4% (0.2 mm) wider than the anni-
hilation intensity on average. Similar trends are seen in the simu-
lated data shown in Fig. 7, although the simulated beam and flux
widths are about 1 mm smaller than the measured values, likely
due to the spatial resolution of the PET camera. Here the vertical
dashed line indicates the surface of the PE foam block. The LAC
errors due to this difference between the spreading of the beam
and estimated flux will depend on the annihilation intensity distri-
bution but seem likely to be small except perhaps at sharp lateral
discontinuities in lz.
5.3. Beam softening
The beam ‘‘softening” effect could arise from variation in either
the angular or energy distribution of the positrons with depth of
penetration. The positive, negative and net axial fluxes of positrons
estimated from the track length tally in the simulation are shown
in Fig. 8a as ratios to the total scalar flux. Outside the source
(points plotted at 1.5 cm and greater), the negative (backward) flux
of positrons decreases only slightly relative to the total flux over
the beam’s range, while the positive flux ratio increases from 0.4
to 0.55. The net flux ratio appears to approach a constant value
of slightly less than 0.5 after traversing about 5 cm of foam. The
surface of the PE foam block is at 15 cm. These results imply that
the total-to-axial flux ratio pre-factor in (2) decreases by about
33% over the beam’s range, and thus moderates rather than
enhances the beam-softening effect.
The simulated energy spectra of the positrons at two different
penetration depths are shown in Fig. 8b, together with the bþ
energy spectrum used as the source for the simulation. The mean
mass depths of penetration (including the air between the source
and foam) are indicated together with the mean energies of the
spectra. The decreasing energy with penetration depth leads to
increasing LAC because the annihilation cross section ranðEÞ
increases with decreasing E over the energy range of importance
here [10]. Thus the simulations suggest that the primary reason
for the increase of the positron LAC with attenuation, at least in
uniform media, is a reduction in the energy of the flux rather than
a change in its angular distribution.Fig. 7. Simulation results for beam and flux widths.The BSC phantom study is shown in Fig. 9. The number of Al foil
layers increases from 0 to 4 from top to bottom. The positron beam
enters from the left. Fig. 9a is the raw LAC image generated from
the PAT transform, i.e, with no correction for the beam softening
effect. This slice is averaged over 2 pixels (4.2 mm) normal to the
plane shown and represents an 18  26 cm region in the plane.
The LAC values reported in the PE foam vary substantially with
depth, and with the number of Al foils penetrated. Axial (horizon-
tal) profiles through this image are plotted as the solid lines in
Fig. 9c. The line colors correspond to the position markers in
Fig. 9a, and each profile represents a mean over 5 pixels
(10.4 mm) vertically in the image, centered at its marker. Here
the abscissa is MzðrÞ ¼
R z
0 lzðr0Þdz0 rather than z, where lzðr0Þ is
the uncorrected LAC. The motivation for this choice is that
/zðrÞ ¼ /zð0Þ exp½MzðrÞ, which follows from (1). Thus to the
extent that the change in the observed LAC depends only on the
total attenuation of the axial flux, it should be possible to character-
ize it in terms of MzðrÞ, not unlike the beam-hardening correction
made in X-ray CT. Indeed, the trends of increasing LAC in the uni-
form PE foam are very similar for all profiles. The black dashed
curve in Fig. 9c is a least squares fit of a quadratic polynomial to a
portion of the ‘Foam’ and ‘Al1’ data in the uniform PE block, cor-
responding to g½MzðzÞ ¼ 0:24þ 0:034MzðzÞ þ 0:0037 ½MzðzÞ2. By
removing this trend, raw LACs at any point may be corrected to
the value they would have had, if they had been measured with
the beam as it enters the PET FOV, by
Fig. 9. Beam softening correction: (a) Uncorrected LAC image; (b) Corrected LAC image; (c) Profiles through the uncorrected (solid) and corrected (dashed) images at the
levels indicated by the colored markers. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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: ð7Þ
The result of applying this LAC transform is shown in Fig. 9b,
with corresponding profiles shown as the colored dashed curves
in Fig. 9c. This same transformwas used for all BSC results reported
in this paper. However, because it only compensates for changes
relative to the beam’s state as it enters the FOV, it may depend
on source characteristics, and thus could require recalibration for
different measurement configurations.5.4. Backscattering
Some evidence for enhanced backscattering can be seen in
Fig. 9b to the left of the Al foils in the PS foam material (red
double-sided arrow): the LAC appears to increase with the number
of foils the beam encounters after passing through the foam. The
dual foil backscattering study is shown in Fig. 10b. Here the Cu foil
pair is on the bottom and Al foils in the center. No foils were pre-
sent in the top third of the phantom. The image represents the BSC
LAC in the phantom. Axial (horizontal) profiles through it are plot-
ted in Fig. 10a. Each profile corresponds to the mean over a trans-
verse region 0.83 cm thick (normal to the plane) and 2.71 cm wide,
centered at the position of the marker of the same color in Fig. 10b.
The LAC values in the PS foam block in front of the first foil layer
are substantially higher for the Cu and Al profiles than for the
foam-only profile, and slightly higher for the Cu than for the Al foil
profile (red arrows in Fig. 10). It seems clear that this effect must be
due to changes in the positron velocity distribution as a result ofenhanced backscattering from the foils relative to PS foam.
Backscattering is due to elastic scattering from nucleii, and is more
probable at lower energies [12], which would tend to lower the
mean energy of positrons up-beam from the foil and thereby
increase the average annihilation cross-section Ran. Further, the
counter-flowing backscatter current would increase the total to
axial flux ratio pre-factor in (2). Both these effects would cause
lz to increase. The fact that the Cu foil produces a slightly larger
effect than the Al foil despite having less than half its mass thick-
ness is consistent with measured electron backscattering coeffi-
cients for these materials in this energy range [12].
The peak LACs reported in the foils are greatly reduced by res-
olution broadening, but the relative amplitudes for Cu and Al are
consistent with their having similar mass attenuation coefficients.
The difference in values between the front and rear foils may be a
resolution or BSC inaccuracy effect. An interesting phenomenon is
observed after the second foil layer at about 7 cm. Both the Cu and
Al profiles underestimate the PE foam LAC, more so for the Cu than
for the Al. However, the estimated LACs recover toward the correct
value as the beam penetrates farther. A possible interpretation of
this effect is that the beam has been hardened by passing through
the metal foils due to the preferential removal of lower energy
positrons by their enhanced backscattering. As it then propagates
in the foam, down-scattering returns the energy spectrum to its
‘normal’ distribution for the amount of attenuation the beam has
experienced.
In some applications, supplementary measurements may be
desirable to detect and correct for such variability in beam charac-
teristics. These might include the use of beams having different
Fig. 10. (a) Horizontal profiles through the image on the right at the locations indicated. (b) LAC image for a positron beam passing through air, polystyrene foam, and Cu and
Al foils before entering a polyethylene foam block.
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or multi-angle imaging as discussed in Section 3.5.5.5. View angle dependence
The positron LAC image of the four laminated foam cubes is
shown as the ‘Measured’ data in Fig. 11. The beam enters vertically
from the top. (All images in this section are displayed using nearest
neighbor interpolation, so the actual pixel structure can be seen.)
The loss of spatial resolution and LAC accuracy is most apparent
when the layers are parallel to the beam.
To simulate these effects, an ideal LAC model of the laminated
foam cube was initially generated in a two-dimensional (2D) array
with 0.7 mm pixel dimensions. LAC values for the foam, 2-ply
paper and air were 0.4, 5.0, and 0.008 cm1, respectively. The outer
paper layers were single-ply. The LAC of the stopping block follow-
ing the cube (not shown in the following images) was 0.23 cm1.
To approximate the effect of the helical motion and scattering of
the positrons, the ideal LAC distribution was blurred by filteringFig. 11. Measured and modeled LAC images of 24 mm laminated foam cubes at
angles of 0, 22, 28 and 90 relative to a vertical beam.it with a symmetric 2D Gaussian kernel having a FWHM of
1.0 mm. The resulting LAC model is shown in Fig. 12a for the case
with the laminae parallel to the beam direction. An annihilation
intensity distribution was then estimated by multiplying the LAC
image by its exponentiated negative cumulative integral along
the beam, representing positron propagation without beam soften-
ing. To simulate PET imaging resolution, this annihilation rate dis-
tribution was smoothed with a 2D Gaussian kernel having FWHMs
of 3.5 and 2.5 mm transverse and parallel to the beam, respec-
tively. The resulting estimated annihilation rate density image is
shown in Fig. 12b. The native pixel size for the reconstructed PET
image data is about 2.1 mm, or three times larger than the pixels
in Fig. 12b. To model this, the annihilation image was rebinned
by a factor of 3 in both dimensions using pixel averaging. This
resulted in the modeled PET image shown in Fig. 12c. From this
image (including the stopping block) an estimated LAC distribution
was computed from the PAT transform (5), and is shown in
Fig. 12d. This is one of the estimates shown as the ‘Modeled’ data
in Fig. 11; the others were generated in the same way following
rotation of the ideal model to the appropriate angle. They show
structure and contrast very similar to the measured images. The
variation in appearance with orientation carries information onFig. 12. (a) Model LAC after blurring. (b) Annihilation rate image post smoothing,
and (c) rebinned to PET resolution. (d) LAC image estimated by applying the PAT
transform.
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The ability to model the PAT imaging process suggests that it
may be possible to exploit this information to improve the spatial
resolution of the LAC images. This will be a direction for future
research.6. Discussion and conclusions
PAT is a step forward in the ability to image positron annihila-
tion cross-sections in 3D not unlike the progress X-ray CT brought
to the volumetric measurements of Compton and photoelectric
cross-sections. The key physics leveraged by PAT is that a magnetic
field of sufficient strength can maintain a bþ ray beam’s collimation
as it penetrates matter, and that, as a consequence, detection of its
annihilation rate density distribution also determines its axial flux.
PAT thus offers the unique advantages that no separate measure-
ment of incident flux is required, and that the near-surface regions
of objects the beam does not fully penetrate can still be imaged.
The experimental results presented are strongly supported by the
simulations discussed, and there is good evidence that techniques
for enhancing quantitative accuracy, such as corrections for beam
softening and multi-angle imaging, are viable.
Positron beams with a wide range of sizes and cross-sectional
shapes can be constructed [7]. Higher energy bþ decay or acceler-
ator sources could increase the depth of investigation, while lower
energy ones could increase sensitivity. Higher strength sources
could reduce acquisition times by an order of magnitude or more.
Higher strength magnetic fields could likely improve the trans-
verse resolution capability of the beams, although in the current
implementation the limiting factor is the PET resolution. MR-
compatible PET detection systems with higher spatial resolution
capability than the one described here already exist, however. A
BrainPET MR insert (Siemens) with 2.8 mm FWHM spatial resolu-
tion operating in a 9.4 T magnet has already been used for PET
imaging of 120I (Emax ¼ 4 MeV) [13]. There are currently over 100
PET/MRI systems worldwide on which PAT could be readily
performed.
In addition to imaging the structure of lightweight materials as
demonstrated here, density variations in compressed elastic media
have also been observed. The LAC of air can be measured with 68Ga
(e.g., Fig. 10), but 18F bþ ray beams (Emax ¼ 0:635 MeV) have l=q
values over four times higher [7] and thus even greater sensitivity,
making quantitative imaging of gas flow structure feasible. Gas and
fluid flow through low-density porous media could also be visual-
ized. In the context of beta emission imaging of plant and animal
tissues, the beam softening effect may offer a means for correcting
the confounding influence of beta attenuation. Because the trans-
port properties of high energy electrons and positrons are similar
[8,9], applications of PAT in radiation shielding and dosimetry for
both electrons and positrons seem obvious. PAT may also con-
tribute to the understanding of anisotropic positron range effects
in PET/MRI studies [14]. Other areas that would be of interest to
explore with PAT include the possible effects on positron transport
of electric charge and microscopic structure [15] in materials.
Additional applications in medical diagnostics, materials science,
biological research and industry remain to be defined, but it’s fair
to say that PAT has already proven useful in illuminating the phy-
sics of magnetically constrained positron beam propagation in
matter and can be a valuable tool for developing a better under-
standing of this phenomenon.
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A.1. Transport theory
Although solution of the Boltzmann equation for charged parti-
cle transport in neutral media with an imposed magnetic field is an
area of active research in mathematical physics [16,17], this work
primarily focuses on the diffusion of low energy (<100 eV) positron
swarms, and does not explicitly relate annihilation rate densities to
velocity-integrated transport coefficients, which is the physics
underlying PAT. Therefore a derivation of this relation for the
source-free steady-state problem is given here, based on the
assumption that diffusion transverse to the field due to scattering
can be neglected. The justification for this assumption is discussed
in Section 5.2.
Consider a cylindrical PET system situated in a static, uniform
magnetic field B, with the PET scanner’s axis parallel to its field
lines along the z axis, as in Fig. 1a. A positron beam produced by
an external bþ decay source passes through the scanner, and main-
tains a macroscopic steady-state positron distribution in a station-
ary object placed within the FOV. Let f ðr;vÞ represent the number
of positrons per unit phase space volume at ðr;vÞ, where
r ¼ ðx; y; zÞ and v ¼ ðvx;vy;vzÞ are spatial position and velocity vec-
tors respectively. The time-independent, homogeneous Boltzmann
transport equation for f is:
v  rrf ðr;vÞ þ dvdt  rvf ðr;vÞ ¼ Dcf ð8Þ
where t is time, r is the gradient operator, and Dc is a collision
operator. In a magnetic field, the second term is the rate of change
in f due to acceleration of the positrons by the Lorentz force,
qðv  BÞ, where q is the positron’s charge. Expressingrv in cylindri-
cal coordinates, and considering that the force is normal to both v
and B, this term becomes:
q
m
ðv  BÞ  rvf ðr;vÞ ¼ qBm
@f ðr;vÞ
@uv
ð9Þ
where m is the positron’s (relativistic) mass, and uv is the azi-
muthal angle of its velocity.
In the absence of deviations due to scattering, a positron follows
a helical path around the B field lines. Its motion transverse to B is
a circular orbit in the ðx; yÞ plane at constant speed, with angular
velocityx ¼ qB=m. A total derivative of f along this transverse path
may written in terms of uv :
df
duv
¼ @f
@x
@x
@uv
þ @f
@y
@y
@uv
þ @f
@uv
: ð10Þ
Multiplying through by x and recognizing that
xð@x=@uvÞ ¼ vx, etc., gives
x
df
duv
¼ vx @f
@x
þ vy @f
@y
þ qB
m
@f
@uv
: ð11Þ
The right hand side of (11) comprises the transverse gradient
terms in (8). So, to the extent that transverse deviations due to
scattering can be neglected, the transport equation can be written
as:
x
df
duv
þ vz @f
@z
¼ Dcf : ð12Þ
Since the measurements available in the proposed methodology
do not distinguish positron velocity, this equation may be inte-
grated over velocity. Doing this, the first term vanishes. The second
term becomes @/zðrÞ=@z, where /zðrÞ ¼
R
vzf ðr;vÞdv is the net
velocity-integrated positron flux in the axial (z) direction. The
collision term on the right represents the rate of change of the
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interactions. When integrated over velocity, only changes in spatial
density remain, and this density can only decrease due to annihila-
tions, leading to:Z
Dcf ðr;vÞdv ¼ qeðrÞ
Z
ranðr;vÞvf ðr;vÞdv ð13Þ
where v ¼ kvk; qeðrÞ is the electron density, and the annihilation
cross-section ran is to be understood as a material property repre-
senting an average over electron states present.
The velocity-integrated transport equation for the positrons is
thus reduced to:
@/zðrÞ
@z
¼ lzðrÞ/zðrÞ ð14Þ
where lzðrÞ is an attenuation coefficient relative to the axial flux
given by:
lzðrÞ ¼
/ðrÞ
/zðrÞ
qeðrÞ
/ðrÞ
Z
ranðr;vÞvf ðr;vÞdv
 
ð15Þ
with /ðrÞ ¼ R vf ðr;vÞdv being the total velocity-integrated flux.
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